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It is a direct consequence of Floquet theory that in the case of linear systems 
of differential equations with periodic coefficients, stability of the zero solu- 
tion implies uniform stability, and asymptotic stability implies uniform 
exponential asymptotic stability. W. Hahn [2, p. 2021 has asked what similar 
theorems might hold for the almost periodic case. 
The aim of this note is to prove by example that 
THEOREM. There exist linear equations with almost periodic coeficients for 
which the zero solution is asymptotically stable, but not uniformly stable. 
In particular results such as those stated above cannot hold in general 
for almost periodic systems. 
For the example, we consider a one-dimensional system, 
and its solutions 
f f  = -f(t) x, 
where f is a uniformly almost periodic function. 
Denoting the mean value off by 
m = lim - l SfP t+m t 0 
we observe that if JI (f - m is ) ’ b ounded in t, then each solution is the pro- 
duct of a uniformly almost periodic function, namely, exp (- $” (f - m)), 
and the exponential e- mt Therefore in this special case the periodic result . 
does hold. However the integral of an almost periodic function need not 
behave so well. 
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We give here a simple example of a uniformly almost periodic function, 
f(t), such that 
(1) Sif +w as t+co. 
(2) 
(It 
For any M > 0, t, and t, > t, can be found so that s:i f < - M. 
follows from (1) and (2) that the mean value off is zero.) 
By the explicit representation given above for solutions of the differential 
equation, the existence of such an f implies the theorem. 
Our function f will be expressed as 
where each g, is a continuous periodic function of period 2% which is zero on 
the first half of its period i.e., 
If we let 
&a(t) = 0 for 0 < t < 2”-1 . 
1 2” 
m, = - 
2” s (j gn 
be the mean value of g, , and introduce 
the above property of the g’s allows us to compute: 
s ff = 2”u, j::‘; = 2n(2u,+l - a,). 
Our first condition on f requires that 2%,, -+ 00; and our second condition 
will be satisfied if the sequence, 2”(2u,+, - a,), admits - w as a limit point. 
With this in mind we collect some obvious facts into the following: 
LEMMA 1. Given a sequence a, , we can choose functions g,, of period 2n 
whkh are zero on the first half of their period (0 < t < 2+l), which have mean 
value m, = a,, - a,,-, , and which satisfy 
where A is any preassigned constant which is greater than 2. (Note that A can 
be chosen us close to 2 as we like.) In particular, if a,, = a,,, , then g,, 3 0. 
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Furthermore, if IZ 1 a, - a,-, 1 < cc, then the function f = X~sl g,, is 
uniformly almost periodic. 
Proof. Only the last statement needs comment and that follows since the 
condition implies C sup 1 g,, 1 < 00 so that f is the uniform limit of periodic 
functions. 
We now choose a sequence a,, as follows: 
(1) a, = 1. 
(2) a, = he1 if n is even. 
(3) a, = Ba,+, if n is odd where B < *, B112 > 4. 
For this sequence we easily verify that 
2”a,, > 2”Bn/= - co, 
and for n even, 
Wk,l -u,J=2”(2B--)a;,-+--CCL 
AlsoweseethatEIa,-aa,,\ -=c 00. 
Thus this sequence will provide us with the desired example if we can 
prove the following lemma: 
LEMMA 2. If the constants A and B are chosen so that A(1 - B) < $ 
and if g, is chosen to be nonnegative, then the f  constructed using Lemma 1 satisfies 
I 
:f-m as t-a. 
Proof. By our choice of g, we can assume inductively that 
I lf>Q for t <2”. 
Now let 2% < t < 2”+l. Using the periodicity of the g’s, we can write 
If n is odd, we have 
m,,, = a,+, - a, = 0 and so g?z+1= 0. 
An application of the induction hypothesis gives 
(1) 
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If n is even, let r satisfy 
r2n-1 < t -- 2” < (r I 1) 2n-1 (Y = Oor 1). 
We then have (a,-, = a,) 
and 
s t g n+1 2n 3 - (r + 1) P’ sup I g,+1 I 3 - (r + 1) 2”-lA I %,I I . 
Replacing 1 m,,, 1 by a, - a,,, = (1 - B) a, , we have 
s 
t f > 2”a, + r 2”i-la* - A(1 - B) (r + 1) a, 
0 
= 2”-1{2 + Y - A(1 - B) (r + 1)) a, . (2) 
By our choice of A and B, the expression in brackets is positive for T = 0 
or 1. Thus we have verified the inductive hypothesis, and the lemma follows 
from the inequalities (1) and (2). 
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